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Abstract: Four-dimensional conformal fishnet theory is an integrable scalar theory which
arises as a double scaling limit of γ-deformed maximally supersymmetric Yang-Mills. We
give a perturbative reformulation of γ-deformed super-Yang-Mills theory in twistor space,
and implement the double scaling limit to obtain a twistor description of conformal fishnet
theory. The conformal fishnet theory retains an abelian gauge symmetry on twistor space
which is absent in space-time, allowing us to obtain cohomological formulae for scattering
amplitudes that manifest conformal invariance. We study various classes of scattering
amplitudes in twistor space with this formalism.
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1 Introduction
Over the last two decades, there have been many remarkable advances in the study of
observables such as scattering amplitudes and correlation functions in a wide variety of
quantum field theories (QFTs). In many cases, an underlying motivation has been that –
at least for some QFTs – it might be possible to find alternative formulations which manifest
hidden symmetries, streamline perturbative calculations or enable the exact computation
of observables. One of the most widely studied QFTs in this context has been planar,
maximally supersymmetric Yang-Mills theory in four-dimensions (N = 4 SYM).
Indeed, planar N = 4 SYM has many advantageous properties: it is exactly confor-
mal, has only a single tuneable parameter (the ’t Hooft coupling), admits a holographic
description, possesses an infinite-dimensional symmetry algebra and is widely believed to
be an integrable conformal field theory (CFT) (cf., [1, 2]). Yet there are issues (e.g.,
IR-divergences) which obstruct the analytic determination of observables in this theory.
Recently, there has been considerable interest in other QFTs for which it may be
possible to make more exact analytic statements. A prime example is the four-dimensional
conformal fishnet theory (FCFT) [3], whose name derives from the shape of its typical
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Feynman diagrams in the planar limit. A priori, this FCFT seems far removed from
N = 4 SYM. It is a non-unitary theory of two complex scalars valued in the adjoint
representation of SU(N) with only quartic interactions; there is no supersymmetry or local
gauge symmetry. However, FCFT can actually be derived by taking a ‘double scaling limit’
of the well-known γ-deformation of N = 4 SYM [4–7]. The double scaling limit decouples
the gauge field, leaving a chiral field theory of fermions and scalars (χFT) [3, 8, 9]. Setting
two of the couplings in this χFT to zero leaves only two complex scalars with a chiral
quartic interaction.
Quantum completeness requires FCFT to be supplemented with quartic double trace
interactions, whose couplings have non-trivial β-functions [10, 11]. This full theory has two
conformal fixed points, which have been determined perturbatively up to seven loops [11,
12]. At these conformal fixed points and in the planar limit, FCFT is believed to be
integrable1 [12, 14–17].
Anomalous dimensions, certain correlation functions and scattering amplitudes have
all been determined exactly as functions of the coupling in FCFT [12, 18–21]. In addi-
tion, FCFT appears to admit a holographic description in terms of a discretized string-like
model [22–25], and provides a first example of a non-supersymmetric 4d QFT with sponta-
neously broken conformal invariance [26]. Fishnet CFTs with the hallmarks of integrability
also exist in diverse dimensions [27, 28] and arise from non-integrable gauge theories [29].
Furthermore, many of the Feynman integrals of FCFT play an important role in other
integrable QFTs like N = 4 SYM (cf., [30, 31]).
One of many ‘non-standard’ tools used in modern studies of N = 4 SYM is twistor
theory [32] (cf., [33–35] for reviews). This began with the realization that the full tree-level
S-matrix of N = 4 SYM is given by genus zero worldsheet correlation functions of a string
theory whose target is twistor space [36, 37], but there are myriad other applications of
twistor theory in this setting. For instance, N = 4 SYM can be described perturbatively by
a twistor action functional [38, 39], whose gauge freedom is significantly greater than the
standard space-time gauge transformations. This, combined with the natural manifestation
of superconformal symmetry and the non-local relation between space-time and twistor
space, makes the twistor action a very useful tool for the study of perturbative N = 4
SYM (cf., [40])2.
The twistor action provides a natural derivation of modified Feynman rules (i.e., the
MHV formalism [43]) for N = 4 SYM [44–46], can be used to provide descriptions of local
operators and form factors in twistor space [47–54], and characterizes dual superconformal
symmetry [55] and its breaking [56]. It gives a powerful method for proving various du-
alities and correspondences in planar N = 4 SYM to all loop orders (at the level of the
loop integrand [57]) which were not possible with space-time methods. These include the
scattering amplitude/Wilson loop duality [58, 59], as well as correspondences between null
limits of correlations functions and null polygonal Wilson loops [60, 61].
1The integrability of fishnet diagrams was already established almost forty years ago [13].
2The twistor approach toN = 4 SYM is equivalent to that of Lorentz harmonic chiral superspace [41, 42];
this paper will be phrased entirely in the language of twistors.
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Twistor actions have been developed for many other QFTs, including self-dual Einstein
(super)gravity [62], four-dimensional conformal (super)gravity [38, 63], conformal higher
spin theory [64, 65] and three-dimensional (super-)Yang-Mills-Higgs theory [66]. Generally,
one expects twistor methods to be useful for any four-dimensional massless QFT, especially
if there is conformal invariance. It is thus natural to consider a twistor formulation of
FCFT.
In this paper, we give twistor actions for γ-deformed N = 4 SYM, χFT and FCFT,
showing how to implement the γ-deformation and double scaling limit on twistor space.
For each of these theories, the twistor action has an enhanced gauge invariance relative to
space-time. Focusing on FCFT, we impose a twistor axial gauge, derive Feynman rules
suitable for computing scattering amplitudes in a ‘cohomological’ representation which
is natural in twistor space [46, 67] and use them to characterize the appearance of UV-
divergences and double trace counterterms. We then compute twistor formulae (which
manifest conformal invariance) for various scattering amplitudes in the planar limit and at
one of the conformal fixed points.
Twistor amplitude formulae previously obtained for N = 4 SYM had the drawback of
only being well-defined at the integrand level. This is due to IR-divergences and the lack
of an easy-to-use regulator on twistor space, though some concrete calculations have been
possible using mass regularization [68]. The absence of IR- and UV-divergences in FCFT
ensures that our formulae define meaningful amplitudes.
Of course, an interesting long-term goal of this research is to provide a twistorial
description of the integrability underlying FCFT. This aim has already been explored for
planar N = 4 SYM with limited success [69], but the added simplicity of FCFT – and
the fact that the twistor description is exact rather than perturbative – gives cause to be
optimistic. This paper sets the foundations and assembles the toolkit needed to embark
on the study of FCFT integrability in twistor space in future work.
The paper is organized as follows: section 2 begins with a brief review of twistor theory
and the twistor action for N = 4 SYM, then develops the γ-deformation of N = 4 SYM on
twistor space and proves its perturbative equivalence to the space-time theory. In section 3,
we implement the double scaling limit on twistor space, and prove that the resulting twistor
action describes χFT; decoupling all fermions results in a quartic theory on twistor space
which we prove to be equivalent to classical FCFT.
Section 4 reviews the cohomological representation of scattering amplitudes in twistor
space and derives the Feynman rules for the FCFT twistor action in axial gauge. We
provide a characterization of UV-divergences on twistor space in terms of certain structures
appearing in cohomological amplitudes, and complete the twistor action with the double
trace counterterms needed to remove these divergences. In section 5 we compute the
cohomological amplitudes for various scattering processes in FCFT, including a class of
tree-level exact amplitudes and general fishnet diagrams.
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2 Twistor action for γ-deformed N = 4 SYM
While it is straightforward to write the twistor action of conformal fishnet theory (FCFT)
directly from its space-time Lagrangian, it is instructive to derive the theory on twistor
space itself. In this section, we give a perturbative description of γ-deformed N = 4 super-
Yang-Mills (SYM) theory in twistor space, proceeding from the well-known twistor action
of N = 4 SYM [38–40]. After a brief review of the basics of twistor geometry and the
N = 4 SYM twistor action, we implement the γ-deformation on twistor space through a
?-product which acts on the anti-commuting twistor variables and prove that the resulting
twistor action is perturbatively equivalent to γ-deformed N = 4 SYM.
2.1 Twistor theory and N = 4 SYM
The twistor space PT appropriate to four-dimensional N = 4 supersymmetry is an open
subset of the complex projective supermanifold P3|4. This twistor space is charted with
homogeneous coordinates ZI , with the index I ranging over four commuting (bosonic) and
four anti-commuting (fermionic) directions:
ZI = (ZA, χa) = (µα˙, λα, χ
a) , (2.1)
where A is a SL(4,C) spinor index and µα˙, λα are commuting SL(2,C) spinors of opposite
chirality. The coordinates χa are anti-commuting, with the index a = 1, . . . , 4. As homo-
geneous coordinates, ZI are defined only up to an overall C∗ rescaling, with ZI ∼ rZI for
r any non-zero complex number.
The twistor space PT is related non-locally to space-time through the ‘incidence rela-
tions,’ which have a simple algebraic expression:
µα˙ = xαα˙λα , χ
a = θαaλα , (2.2)
where (xαα˙, θαa) are coordinates on complexified, chiral N = 4 Minkowski superspace.
These incidence relations indicate that every point (x, θ) ∈M corresponds to a holomorphic,
linearly embedded Riemann sphere – or ‘line’ – in twistor space, X ∼= P1 ⊂ PT. The
conformal structure of M is encoded by these twistor lines: two twistor lines X,Y intersect
if and only if their corresponding space-time points (x, θ), (y, θ′) are null separated.
Since psl(4|4,C) acts projectively on P3|4, twistor space carries a natural linear action
of the complexified superconformal algebra. Conformal invariants are naturally built from
the SL(4,C)-invariant Levi-Civita symbol ABCD. For instance, any four points in PT
define the conformal invariant
(ijkl) := ABCD Z
A
i Z
B
j Z
C
k Z
D
l , (2.3)
and more general superconformal invariants are also easily constructed (cf., [55]).
There are two main theorems of twistor theory which will be of particular importance.
The first is the Penrose transform, which states that free zero-rest-mass fields on M can
be described by cohomology classes on PT [70, 71]:
{Free z.r.m. fields on M of helicity h} ∼= H1(PT, O(2h− 2)) , (2.4)
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where O(k) is the sheaf of holomorphic functions, homogeneous of weight k ∈ Z on PT.
The second is the Ward correspondence [72], which relates self-dual Yang-Mills connections
on M to holomorphic vector bundles on PT which obey some technical conditions3.
To pass from complexified Minkowski space M to a real space-time, reality conditions
must be imposed on twistor space. We will primarily use Euclidean reality conditions,
associated with the real slice R4|8 ⊂ M. In this case, the reality structure is encoded by a
‘quaternionic’ conjugation operation, defined on Weyl 2-spinors and the fermionic twistor
variables by [73]:
µα˙ = (µ0˙, µ1˙) 7→ µˆα˙ =
(
−µ1˙, µ0˙
)
, (2.5)
χa = (χ1, χ2, χ3, χ4) 7→ χˆa = (−χ2, χ1, −χ4, χ3) ,
and similarly for un-dotted spinors. This induces an involution σ : PT→ PT via ZI 7→ ZˆI ,
and from (2.5) it is easy to see that σ2 = −id on PT. There are no real points under σ,
but lines obeying X ∼= Xˆ are preserved and correspond to points in R4|8.
So for Euclidean reality conditions, twistor space fibres over P1:
P1 
 // PT ∼= R4|8 × P1

R4|8
The incidence relations take points in R4|8 to twistor lines as before, but now each point
in PT corresponds to a unique point in R4|8 via:
xαα˙ =
µˆα˙λα − µα˙λˆα
〈λ λˆ〉 , θ
αa =
χˆaλα − χaλˆα
〈λ λˆ〉 , (2.6)
with 〈λ λˆ〉 = λαλˆα = αβλβλˆα. This means that the homogeneous coordinates ZI can
be interchanged with (x, θ, λ) as coordinates on PT, with the projective scaling carried
exclusively by [λα], now viewed as homogeneous coordinates on the P1 fibres. For instance,
a useful basis of the anti-holomorphic tangent and cotangent bundles of PT can be given
in these coordinates [73]:
∂¯0 = 〈λ λˆ〉λα ∂
∂λˆα
, ∂¯α˙ = λ
α ∂
∂xαα˙
, (2.7)
e¯0 =
〈λˆ dλˆ〉
〈λ λˆ〉2 , e¯
α˙ =
λˆα dx
αα˙
〈λ λˆ〉 . (2.8)
Using the incidence relations, one confirms that e¯0∂¯0 + e¯
α˙∂¯α˙ = dZˆ
A ∂
∂ZˆA
, as appropriate for
the complex structure on PT with these reality conditions.
With these tools, a perturbative description of N = 4 SYM can be given entirely
on twistor space. Since Yang-Mills theory admits a perturbative expansion around the
3For gauge group SU(N), every Yang-Mills instanton on M corresponds to a rank N holomorphic vector
bundle which is trivial on restriction to every line in PT, admits a positive real form, and has a trivial
determinant line bundle (cf., [34]).
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self-dual sector [74], this is achieved using the Ward correspondence to give a twistorial
description of the instanton sector and the Penrose transform to describe perturbations
away from self-duality [38, 39]. The resulting twistor action is a functional of a single field
A ∈ Ω0,1(PT,O) valued in the adjoint representation of the gauge group. By expanding in
the fermionic directions of twistor space,
A = a+ χa ψ˜a + χ
aχb
2
φab +
1
3!
abcdχ
aχbχc ψd +
χ4
4!
b , (2.9)
where each remaining component is a (0, 1)-form of the appropriate homogeneity on the
bosonic twistor space. When ∂¯A = 0, the Penrose transform states that A contains the
full linear spectrum of N = 4 SYM.
The twistor action for N = 4 SYM is given by [39]
S[A] = i
2pi
∫
PT
D3|4Z ∧ tr
(
A ∧ ∂¯A+ 2
3
A ∧A ∧A
)
+ g2
∮
R4|8
d4|8X log det
(
∂¯ +A) |X ,
(2.10)
where g is the dimensionless coupling constant. The first term in this action is local on
PT, with D3|4Z standing for the global holomorphic section of the canonical bundle
D3|4Z = D3Z d4χ = ABCD ZA dZB ∧ dZC ∧ dZD d4χ . (2.11)
The second, non-local, contribution to the action is integrated over the real contour in the
moduli space of lines in PT corresponding to R4|8, and the integrand can be understood
perturbatively via the expansion
log det
(
∂¯ +A) |X = tr (log ∂¯|X)
+
∞∑
n=2
1
n
(
1
2pii
)n ∫
(P1)n
Dσ1 · · ·Dσn
(1 2) (2 3) · · · (n 1) tr (A1A2 · · · An) . (2.12)
Here, σαi = (σ
0
i , σ
1
i ) are homogeneous coordinates on the i
th copy of the twistor line
X ∼= P1; (i j) := σαi σj α is the SL(2,C)-invariant inner product on these coordinates; and
Dσi := (σi dσi) is shorthand for the weight +2 holomorphic measure on the i
th copy of P1.
Similarly, Ai is shorthand for A(Z(σi)), the twistor field of (2.9) evaluated at the point σi
on the twistor line X.
The action (2.10) is invariant with respect to non-abelian gauge transformations on
twistor space,
∂¯ +A → g (∂¯ +A) g−1 , (2.13)
for g any weight zero function on PT valued in the adjoint of the gauge group. This
gauge freedom is much greater than the usual space-time gauge invariance, since space-
time gauge transformations are functions of only four bosonic variables. Nevertheless, the
twistor action (2.10) is perturbatively equivalent to the space-time Lagrangian of N = 4
SYM. Indeed, for a particular choice of gauge on PT, the twistor action is equal to the
Chalmers-Siegel Lagrangian of N = 4 SYM on R4 [39, 75].
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2.2 The γ-deformed twistor action
The γ-deformation ofN = 4 SYM breaks the PSL(4|4,C) superconformal group to SL(4,C)
×U(1)3; the three deformation parameters {γi}i=1,2,3 correspond to the Cartan subgroup
U(1)3 of the initial SO(6) R-symmetry group. On space-time, this deformation can be
operationalized through a non-commutative ?-product on the field space of N = 4 SYM [5,
10], which introduces phase factors depending on the U(1)3 charges of the fields. On twistor
space, the γ-deformation is most naturally described by a ?-product on polynomials of the
fermionic twistor coordinates [76, 77].
We assign a U(1)3 charge vector qk to every power of the χa twistor variables. Using
the notation χa = (χi, χ4), for i = 1, 2, 3, the charge assignments are:
qk[1] = 0 , qk[(χ)4] = 0 ,
qk[χi] =
{
−12 if k = i
1
2 otherwise
, qk[χ4] =
(
−1
2
, −1
2
, −1
2
)
,
qk[χiχ4] = −δki , qk[χiχj ] = |kij | ,
qk[(χ)3i ] =
{
1
2 if k = i
−12 otherwise
, qk[(χ)34] =
(
1
2
,
1
2
,
1
2
)
,
(2.14)
where (χ)3a := bcdaχ
bχcχd. These charges define a ?-product on the fermionic twistor
coordinates. Let A and B be any two powers of the χa variables; their ?-product is:
A ? B := exp
[
− i
2
ijk γi q
j [A] qk[B]
]
AB , (2.15)
with the product AB on the right-hand side given by the usual Grassmannian multipli-
cation. The three real parameters γi appearing in the exponential phase are those of the
γ-deformation.
This is applied to the twistor action of N = 4 SYM by replacing the wedge product
of differential forms on PT with the ?-product. In particular, we consider the action
Sγ [A] = Sγ1 [A] + g2 Sγ2 [A] , (2.16)
where the two terms are given by4
Sγ1 [A] =
i
2pi
∫
PT
D3|4Z ∧ tr
(
A ? ∂¯A+ 2
3
A ?A ?A
)
, (2.17)
and
Sγ2 [A] =
∮
R4|8
d4|8X log det?
(
∂¯ +A) |X . (2.18)
In Sγ2 , the ?-deformed log det(∂¯ +A)|X is understood through its perturbative expansion:
log det?
(
∂¯ +A) |X := tr (log ∂¯|X)
+
∞∑
n=2
1
n
(
1
2pii
)n ∫
(P1)n
Dσ1 · · ·Dσn
(1 2) (2 3) · · · (n 1) tr (A1 ?A2 ? · · · ?An) . (2.19)
4This version of Sγ1 [A] first appeared in [76] as the effective action of twistor-string theory deformed by
the ?-product.
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Crucially, the twistor superfieldA remains unchanged; its χ-expansion is still given by (2.9),
containing only the usual Grassmann product. The γ-deformed twistor action remains
invariant under non-abelian gauge transformations (2.13).
At this point, we have established that the twistorial γ-deformation defined by (2.15)
leads to a deformed twistor action which is gauge-invariant. However, it is not clear that
this γ-deformed twistor action is actually related to γ-deformed SYM on space-time. This
is established by the following:
Proposition 2.1 The γ-deformed twistor action (2.16) is perturbatively equivalent to γ-
deformed SYM theory on space-time, in the sense that solutions to its field equations are
in one-to-one correspondence with solutions to the field equations of γ-deformed SYM, up
to space-time gauge transformations.
Proof: The proof is virtually equivalent to that for the undeformed N = 4 SYM twistor
action [38, 39, 75]. It suffices to show that with a partial gauge fixing – which reduces
the twistor space gauge freedom (2.13) to space-time gauge transformations – the twistor
action (2.16) is perturbatively equivalent to the space-time action of γ-deformed SYM. The
relevant condition is the Woodhouse harmonic gauge [73]:
∂¯∗|XA|X = 0 , (2.20)
where ∂¯∗|X is the adjoint of the ∂¯-operator restricted to any twistor line X ∼= P1. Since
∂¯|XAX = 0 on dimensional grounds, (2.20) forces the twistor field A to be harmonic upon
restriction to the P1 fibres of twistor space. Residual gauge transformations which preserve
(2.20) are harmonic functions on the fibres of twistor space, valued in the adjoint of the
gauge group:
∂¯∗|X ∂¯|Xg(Z) = 0 .
The only harmonic functions on P1 which are homogeneous of degree zero are constant,
so the residual gauge freedom associated with (2.20) is precisely that of space-time gauge
transformations: g(Z) = g(x).
We must now evaluate the γ-deformed twistor action (2.16) in the Woodhouse har-
monic gauge. Expanding A in the basis (2.8) with the Woodhouse gauge condition, each
component on the bosonic twistor space takes the form:
a = aα˙(x, λ, λˆ) e¯
α˙ , ψ˜a = ψ˜aα˙(x, λ, λˆ) e¯
α˙ , (2.21)
φab = Φab(x) e¯
0 + φabα˙(x, λ, λˆ) e¯
α˙ , ψa = 2
Ψaα(x) λˆα
〈λ λˆ〉 e¯
0 + ψaα˙(x, λ, λˆ) e¯
α˙ ,
b = 3
Bαβ(x) λˆ
αλˆβ
〈λ λˆ〉2 e¯
0 + bα˙(x, λ, λˆ) e¯
α˙ ,
with all functional coefficients valued in the adjoint of the gauge group.
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First, consider Sγ1 [A] in this gauge. Integration over the fermionic directions of twistor
space annihilates all terms which are not proportional to (χ)4 after evaluating the ?-
product. Using the definition (2.15), it follows that the only contribution to Sγ1 [A] for
which the ?-product can lead to non-trivial phases is:∫
D3|4Z ∧ tr
(
χaψ˜a ? χ
bχcφbc ? χ
dψ˜d
)
. (2.22)
In the sum over R-symmetry indices, there are three distinct cases. The first is
1
3
∫
D3|4Z ∧ tr
(
χiψ˜i ? χ
jχkφjk ? χ
4ψ˜4
)
= −
ijk
72
∫
D3Z ∧ tr
(
ψ˜i ∧ φjk ∧ ψ˜4
)
e−
i
2
γ−i ,
(2.23)
where the combination γ±i is defined as
γ±1 := −
(γ3 ± γ2)
2
, γ±2 := −
(γ1 ± γ3)
2
, γ±3 := −
(γ2 ± γ1)
2
. (2.24)
Similarly, the second and third cases are
1
3
∫
D3|4Z ∧ tr
(
χ4ψ˜4 ? χ
jχkφjk ? χ
lψ˜l
)
= −
jkl
72
∫
D3Z ∧ tr
(
ψ˜4 ∧ φjk ∧ ψ˜l
)
e
i
2
γ−l , (2.25)
and
2
3
∫
D3|4Z ∧ tr
(
χiψ˜i ? χ
jχ4φj4 ? χ
kψ˜k
)
=
ijk
36
∫
D3Z ∧ tr
(
ψ˜i ∧ φj4 ∧ ψ˜k
)
exp
[
i
2
kim γ+m
]
,
(2.26)
respectively. The three distinct cyclic permutations of the fields in the trace can be shown
to contribute with the same phases.
Define the normalized (bosonic) holomorphic 3-form on twistor space
Ω :=
D3Z
4!
= 〈λ λˆ〉4 e0 ∧ eα˙ ∧ eα˙ . (2.27)
Combining (2.23) – (2.26) with all the other terms in Sγ1 [A] which are effectively unde-
formed by the ?-product, leaves:
i
2pi
∫
PT
Ω ∧ Ω¯
〈λ λˆ〉4 tr
(
bα˙ ∂¯0aα˙ + 3
Bαβ λˆ
αλˆβ
〈λ λˆ〉2
(
∂¯δ˙a
δ˙ − 1
2
[aδ˙, a
δ˙]
)
+ ψaα˙ ∂¯0ψ˜aα˙
+ 2
Ψaα λˆα
〈λ λˆ〉
(
∂¯δ˙ψ˜
δ˙
a + [aδ˙, ψ˜
δ˙
a]
)
− 
abcd
4
Φab
(
∂¯δ˙φ
δ˙
cd + [aδ˙, φ
δ˙
cd]
)
+
ijk
2
(
ψ˜δ˙i Φjk ψ˜4δ˙ e
− i
2
γ−i
−ψ˜δ˙4 Φjk ψ˜iδ˙ e
i
2
γ−i
)
− ijk ψ˜δ˙i Φj4 ψ˜kδ˙ exp
[
i
2
kim γ+m
]
− 
abcd
2
φα˙ab ∂¯0φcdα˙
)
. (2.28)
The functions ψaα˙ and bα˙ act as Lagrange multipliers, and φ
α˙
ab can also be integrated out.
These impose that the remaining twistor functions in (2.28) obey
aα˙(x, λ, λˆ) = Aαα˙(x)λ
α, ψ˜aα˙(x, λ, λˆ) = Ψ˜aα˙(x), φabα˙ =
λˆα
〈λ λˆ〉 Dαα˙Φab(x) , (2.29)
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where Dαα˙ is the gauge covariant derivative on R4 defined by Aαα˙. With these expressions,
all dependence on the P1 fibre coordinates (λ, λˆ) is manifest in (2.28), and the integral over
the fibre can be performed explicitly (cf., [39]). This leaves an action functional on R4:
Sγ1 [A] =
∫
d4x tr
(
−1
2
Bαβ F
αβ −ΨaαDαα˙Ψ˜α˙a +
abcd
8
Dαα˙ΦabD
αα˙Φcd
+Ψ˜α˙i Φ
i Ψ˜4α˙ e
− i
2
γ−i − Ψ˜α˙4 Φi Ψ˜iα˙ e
i
2
γ−i − ijk Ψ˜α˙k Φ†i Ψ˜jα˙ e
i
2
jkmγ+m
)
,
(2.30)
where Fαβ is the anti-self-dual part of the field strength of Aαα˙ and we have defined
1
2
ijkΦjk ≡ Φi and Φi4 ≡ Φ†i for the space-time scalars.
Now consider the non-local part of the twistor action, Sγ2 [A]. Woodhouse harmonic
gauge leaves only the n = 2, 3, 4 terms of the infinite sum (2.19), since the forms a and ψ˜a
have no component along the P1 fibres. In the integral over the space of lines in PT, there
is a SL(2,C) redundancy associated with the automorphism group of the line. We fix this
redundancy by identifying the intrinsic homogeneous coordinates on each copy of P1 (σαi )
fibre-wise with the projective coordinates λαi on twistor space.
With this identification, we can proceed to compute each of the n = 2, 3, 4 contributions
to Sγ2 [A]. The n = 2 contribution is identical to the undeformed case [39]:
1
2
(
1
2pii
)2 ∮
d4|8X
∫
Dλ1Dλ2
〈12〉〈21〉 tr (A1 ?A2) = −
1
2
∫
d4x tr
(
Bαβ B
αβ
)
. (2.31)
However, the ?-product acts non-trivially on the n = 3, 4 contributions. For the n = 3
case, the only non-vanishing contributions arise from
tr
(
(χ1)
3
a
3!
ψa ?
χb2χ
c
2
2
φbc ?
(χ3)
3
d
3!
ψd
)
=
1
2
(
1
3!
)2
tr
(
(χ1)
3
i ψ
i ? χj2χ
k
2 φjk ? (χ3)
3
l ψ
l
+2 (χ1)
3
i ψ
i ? χj2χ
4
2 φj4 ? (χ3)
3
4 ψ
4 + 2 (χ1)
3
4 ψ
4 ? χj2χ
4
2 φj4 ? (χ3)
3
l ψ
l
)
. (2.32)
Evaluating the ?-product in each of these cases yields a phase, and once again all cyclic
permutations of fields in the trace contribute with the same phase. Performing the P1
integrations using the methods of [39] gives∫
d4x tr
(
−Ψiα Φ†i Ψ4α e−
i
2
γ−i + Ψ4α Φ†i Ψ
i
α e
i
2
γ−i + ikl Ψ
iα Φk Ψlα e
i
2
limγ
+
m
)
, (2.33)
for the n = 3 contribution.
The n = 4 contribution arises from four insertions of the twistor field φ, which can
occur in six distinct structures:
1
16
(
1
2pii
)4 ∮
d4|8X
∫
Dλ1Dλ2Dλ3Dλ4
〈12〉〈23〉〈34〉〈41〉tr
(
χi1χ
j
1φij ? χ
k
2χ
l
2φkl ? χ
m
3 χ
4
3φm4 ? χ
p
4χ
4
4φp4
+χi1χ
j
1φij ? χ
k
2χ
4
2φk4 ? χ
l
3χ
m
3 φlm ? χ
p
4χ
4
4φp4 + χ
i
1χ
4
1φi4 ? χ
j
2χ
k
2φjk ? χ
l
3χ
m
3 φlm ? χ
p
4χ
4
4φp4
+χi1χ
j
1φij ? χ
k
2χ
4
2φk4 ? χ
l
3χ
4
3φl4 ? χ
m
4 χ
p
4φmp + χ
i
1χ
4
1φi4 ? χ
j
2χ
k
2φjk ? χ
l
3χ
4
3φl4 ? χ
m
4 χ
p
4φmp
+χi1χ
4
1φi4 ? χ
j
2χ
4
2φj4 ? χ
k
3χ
m
3 φkm ? χ
l
4χ
p
4φlp
)
.
(2.34)
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For each term, we evaluate the ?-product then use the result of [75] section 2.5 to perform
the P1 integrals. The result for all of the n = 4 contributions is remarkably simple:∫
d4x tr
(
ΦiΦjΦ†iΦ
†
j exp [−iijkγk]−
1
4
{
Φ†i , Φ
i
}{
Φ†j , Φ
j
})
. (2.35)
Combining (2.31), (2.33) and (2.34) gives:
Sγ2 [A] =
∫
d4x tr
(
−1
2
Bαβ B
αβ −Ψiα Φ†i Ψ4α e−
i
2
γ−i + Ψ4α Φ†i Ψ
i
α e
i
2
γ−i
+ijkΨ
iα Φj Ψkα e
i
2
kilγ
+
l + Φi Φj Φ†i Φ
†
j e
−iijkγk − 1
4
{
Φ†i , Φ
i
} {
Φ†j , Φ
j
})
(2.36)
for Sγ2 [A] evaluated in Woodhouse harmonic gauge.
The combination of Sγ1 + g
2 Sγ2 through (2.30), (2.36) defines an action on R4 with the
standard non-abelian gauge invariance. Integrating out the field Bαβ using its equations
of motion, one obtains an action which differs from that of γ-deformed N = 4 SYM by a
multiple of the topological term
∫
tr(F ∧F ). Thus, the action is perturbatively equivalent
to γ-deformed SYM. The simple field redefinition
Φi → i Φi , Ψi → i√
g
Φi , Ψ˜i → −i√g Ψ˜i , Φ†i → −i Φ†i , (2.37)
matches this action with a form that often appears in the literature (e.g., [3, 10]). 2
3 Double scaling limit in twistor space
In [3, 8], a double scaling limit of γ-deformed SYM was considered, where the deformation
parameters γi → i∞ for i = 1, 2, 3, the gauge coupling constant g → 0, and the three
effective couplings ξi := ge
− i
2
γi are left finite. The gauge field decouples in this limit, and
the resulting theory is a non-unitary (since the deformation parameters – and thus the
action – are complexified) but extremely simple theory of scalars and fermions with only
cubic and quartic interactions. This theory is known as four-dimensional chiral field theory
(χFT), which is believed to be integrable at the quantum level in the planar limit [8, 17].
Conformal fishnet theory (FCFT) is obtained from χFT by setting to zero two of the
effective couplings, leaving only a quartic theory of two complex scalars.
In this section, we implement the double scaling limit in twistor space, starting from
the γ-deformed twistor action. The resulting twistor action is shown to give a classical
(non-perturbative) description of χFT, and upon setting to zero two effective couplings,
gives a classical (non-perturbative) description of FCFT.
3.1 Double scaling limit and χFT
On PT, the double scaling limit can be implemented directly through the ?-product and
gauge coupling. However, direct comparison with the space-time action requires rescaling
some space-time fields by powers of
√
g, as in (2.37). This can be accomplished in twistor
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space by simultaneously rescaling the fermionic coordinates on PT as well as the twistor
field A:
χa → √gχa , A → gA . (3.1)
Compatibility between these two rescalings implies that the bosonic components of A are
rescaled as:
a→ g a , ψ˜a → √g ψ˜a , φab → φab , ψa → g−
1
2 ψa , b→ g−1 b . (3.2)
The holomorphic measure on PT and the measure on the space of twistor lines transform
by
D3|4Z → g−2 D3|4Z , d4|8X → g−4 d4|8X , (3.3)
respectively under this rescaling.
As a result, the two terms in the γ-deformed twistor action are trivially rewritten as
Sγ1 [A] =
i
2pi
∫
PT
D3|4Z ∧ tr
(
A ? ∂¯A+ 2 g
3
A ?A ?A
)
, (3.4)
and
Sγ2 [A] = g−4
∮
R4|8
d4|8X log det?
(
∂¯ + gA) |X . (3.5)
In the double scaling limit
g→ 0 , γi → i∞ , ξi := g e− i2γi = finite , (3.6)
it is easy to see that all quadratic terms in Sγ [A] remain finite (and undeformed), so we
need only consider the interacting terms. It is useful to make the identification
φ†i := φi4 , φ
i :=
1
2
ijk φjk , (3.7)
for the weight −2 components of A.
Since the cubic interaction in Sγ1 [A] scales as g, only terms which are proportional to
e−
i
2
γ (for some combination γ of the γis) will survive in the double scaling limit. Using
the definition of the ?-product, it is easy to identify such terms:
lim
g→0
γi→i∞
i g
3pi
∫
PT
D3|4Z ∧ tr (A ?A ?A) = i
2pi
∫
PT
D3Z ∧ tr
(√
ξ1ξ2 ψ˜2 ∧ φ†3 ∧ ψ˜1
+
√
ξ1ξ3 ψ˜1 ∧ φ†2 ∧ ψ˜3 +
√
ξ2ξ3 ψ˜3 ∧ φ†1 ∧ ψ˜2
)
. (3.8)
In taking the limit, integration over the fermionic directions of twistor space has been
performed explicitly; we abuse notation by denoting the bosonic twistor space (an open
subset of P3 with homogeneous coordinates ZA) as PT.
To account for contributions from g2Sγ2 [A], one expands log det?
(
∂¯ + gA) |X . Only
terms proportional to (ge−
i
2
γ)k for some integer k > 2 will survive in the double scaling
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limit. It is easy to see that there are non-vanishing cubic and quartic contributions of this
type: lim
g→0
γi→i∞
g2 Sγ2 [A]
∣∣∣∣∣∣
O(A3)
=
∮
R4
d4X
∫
(P1)3
Dσ1 Dσ2 Dσ3
16 (2pii)3
(1 3)
tr
(√
ξ1ξ2 ψ
2
1 φ
3
2 ψ
1
3 +
√
ξ1ξ3 ψ
1
1 φ
2
2 ψ
3
3 +
√
ξ2ξ3 ψ
3
1 φ
1
2 ψ
2
3
)
, (3.9)
and lim
g→0
γi→i∞
g2 Sγ2 [A]
∣∣∣∣∣∣
O(A4)
=
∮
R4
d4X
∫
(P1)4
Dσ1 Dσ2 Dσ3 Dσ4
(2pii)4
tr
(
ξ21 (φ
†
2)1 (φ
†
3)2 φ
2
3 φ
3
4
+ ξ22 (φ
†
3)1 (φ
†
1)2 φ
3
3 φ
1
4 + ξ
2
3 (φ
†
1)1 (φ
†
2)2 φ
1
3 φ
2
4
)
. (3.10)
Here, subscripts on twistor fields indicate the fibre dependence of that field: ψ21 = ψ
2(Z(σ1)),
and so forth. All higher-order terms in the expansion of Sγ2 are easily seen to vanish in the
double-scaling limit.
Collecting these results, the twistor action for the double scaling limit of γ-deformed
N = 4 SYM is given by two pieces:
SDS[ψ˜i, φ
i, ψi] = SDS1 + S
DS
2 , (3.11)
where SDS1 is local on PT and SDS2 is non-local. In detail, these are given by
SDS1 =
i
2pi
∫
PT
D3Z ∧ tr
(
φ†i ∧ ∂¯φi + ψ˜i ∧ ∂¯ψi +
√
ξ1ξ2 ψ˜2 ∧ φ†3 ∧ ψ˜1
+
√
ξ1ξ3 ψ˜1 ∧ φ†2 ∧ ψ˜3 +
√
ξ2ξ3 ψ˜3 ∧ φ†1 ∧ ψ˜2
)
, (3.12)
and
SDS2 =
∮
R4
d4X
∫
(P1)3
Dσ1 Dσ2 Dσ3
16 (2pii)3
(1 3) tr
(√
ξ1ξ2 ψ
2
1 φ
3
2 ψ
1
3 +
√
ξ1ξ3 ψ
1
1 φ
2
2 ψ
3
3
+
√
ξ2ξ3 ψ
3
1 φ
1
2 ψ
2
3
)
+
∮
R4
d4X
∫
(P1)4
Dσ1 Dσ2 Dσ3 Dσ4
(2pii)4
tr
(
ξ21 (φ
†
2)1 (φ
†
3)2 φ
2
3 φ
3
4
+ ξ22 (φ
†
3)1 (φ
†
1)2 φ
3
3 φ
1
4 + ξ
2
3 (φ
†
1)1 (φ
†
2)2 φ
1
3 φ
2
4
)
(3.13)
While the fields a and b – which correspond to gauge degrees of freedom on space-time –
have decoupled, the twistor action (3.11) retains a purely twistorial gauge invariance under
ψ˜i → ψ˜i + ∂¯β˜i , φi → φi + ∂¯αi , ψi → ψi + ∂¯βi , (3.14)
where {β˜i, αi, βi} are adjoint-valued functions on PT of weight −1, −2 and −3, respectively.
This twistor action describes a space-time field theory of three complex scalars and
fermions, known as the chiral field theory (χFT) [3, 8]. Unlike the γ-deformation, the
twistorial description of χFT is classically exact (i.e., non-perturbative), as the gauge field
degrees of freedom are decoupled:
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Proposition 3.1 The double-scaling limit twistor action (3.11) is equivalent to χFT, in
the sense that solutions to its field equations are in one-to-one correspondence with solutions
to the field equations of χFT. Furthermore, the twistor action and χFT actions take the
same values when evaluated on corresponding field configurations.
Proof: Using the gauge freedom (3.14), the twistor fields can be put into Woodhouse
harmonic gauge
∂¯∗|X ψ˜i|X = 0 , ∂¯∗|Xφi|X = 0 , ∂¯∗|Xψi|X = 0 . (3.15)
The remaining gauge freedom on PT is then reduced to transformations (3.14) for which
{β˜i, αi, βi} are harmonic functions when restricted to X ∼= P1. But there are no such func-
tions, since each of {β˜i, αi, βi} have negative homogeneity on P1. Therefore, the Woodhouse
gauge (3.15) leaves no residual gauge freedom on space-time.
Using the Woodhouse gauge condition,
ψ˜i = ψ˜iα˙(x, λ, λˆ) e¯
α˙ , φi = Φi(x) e¯0 + φiα˙(x, λ, λˆ) e¯
α˙ , (3.16)
ψi = 2
Ψiα(x) λˆα
〈λ λˆ〉 e¯
0 + ψiα˙(x, λ, λˆ) e¯
α˙ ,
the proof now proceeds in the same way as Proposition 2.1. After integrating out all of
the P1-fibre dependence from the twistor action, one finds:
SDS1 =
∫
R4
d4x tr
(
1
2
∂αα˙Φ
†
i ∂
αα˙Φi −Ψiα ∂αα˙Ψ˜iα˙ +
√
ξ1ξ2 Ψ˜
α˙
2 Φ
†
3Ψ˜1α˙
+
√
ξ1ξ3 Ψ˜
α˙
1 Φ
†
2Ψ˜3α˙ +
√
ξ2ξ3 Ψ˜
α˙
3 Φ
†
1Ψ˜2α˙
)
, (3.17)
SDS2 =
∫
R4
d4x tr
(
ξ21 Φ
†
2Φ
†
3Φ
2Φ3 + ξ22 Φ
†
3Φ
†
1Φ
3Φ1 + ξ23 Φ
†
1Φ
†
2Φ
1Φ2
−
√
ξ1ξ2 Ψ
2αΦ3Ψ1α −
√
ξ1ξ3 Ψ
1αΦ2Ψ3α −
√
ξ2ξ3 Ψ
3αΦ1Ψ2α
)
. (3.18)
This agrees with the space-time action of χFT [3, 8] after performing the rescalings Ψi →
iΨi, Φi → iΦi, Ψ˜i → −iΨ˜i and Φ†i → −iΦ†i . 2
3.2 Classical conformal fishnet theory
On space-time, FCFT is obtained directly from χFT by setting to zero two of the effective
couplings, say ξ1, ξ2 → 0. This decouples all of the fermions from χFT as well as one of
the scalars, leaving a theory with only a single quartic interaction:
S[ϕ1, ϕ2] =
∫
d4x tr
(
∂µΦ¯1 ∂µΦ
1 + ∂µΦ¯2 ∂µΦ
2 + ξ2 Φ¯1Φ¯2Φ
1Φ2
)
, (3.19)
where ξ3 := ξ.
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Setting ξ1, ξ2 = 0 in the twistor action for χFT (3.11) leaves a remarkably simple
theory on twistor space, with local kinetic terms and a non-local quartic interaction:
S[φ1, φ2] =
i
2pi
∫
PT
D3Z ∧ tr
(
φ†1 ∧ ∂¯φ1 + φ†2 ∧ ∂¯φ2
)
+ ξ2
∮
R4
d4X
∫
(P1)4
Dσ1 Dσ2 Dσ3 Dσ4
(2pii)4
tr
(
(φ†1)1 (φ
†
2)2 φ
1
3 φ
2
4
)
. (3.20)
It is easy to see that this action is invariant under global SU(N) and U(1)×U(1) transfor-
mations of the twistor fields, but in addition the action is preserved by the local twistor
gauge transformations:
φ1,2 → φ1,2 + ∂¯α1,2 , α1,2 ∈ Ω0(PT,O(−2)⊗ g) . (3.21)
This freedom can be used to put the twistor fields in Woodhouse harmonic gauge
∂¯∗|Xφ1,2|X = 0 , (3.22)
whence the twistor action (3.20) reduces to the space-time action (3.19) for FCFT.
This establishes that classical FCFT can be obtained exactly (i.e., non-perturbatively)
by lifting the γ-deformation and double scaling limit directly to twistor space. Although
the double-scaling limit decouples all local gauge freedom on space-time, in twistor space
there is always a local ‘abelian’ SU(N) symmetry. While crucial for establishing the equiv-
alence between the twistor actions and space-time theories for both χFT and FCFT, the
local gauge freedom on twistor space enables other gauge-fixings particularly amenable to
performing calculations.
4 Conformal fishnet theory in twistor space
At this point, we turn our focus to the study of perturbative conformal fishnet theory using
the twistor action (3.20), particularly in the planar limit N → ∞ of the SU(N)-valued
scalar fields. As our subsequent focus will be the computation of scattering amplitudes in
FCFT, we first recall the structure of these amplitudes in twistor space before describing
the twistor Feynman rules of the theory and discussing the structure of UV-divergences
and their removal by double trace counter-terms in twistor space.
4.1 Cohomological amplitudes
The external legs of any scattering process in FCFT are given by on-shell, massless SU(N)-
valued scalar fields. On space-time, these external legs are often represented with a momen-
tum eigenstate basis, eik·x where k2 = 0, but of course any basis of on-shell solutions will
do. On twistor space, the Penrose transform (2.4) means that any such on-shell external
scalar field is represented by a cohomology class:
Φon−shell(x)↔ φ ∈ H0,1(PT,O(−2)⊗ g) . (4.1)
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This cohomology class encodes the quantum numbers of external states in the scattering
process.
For instance, in a momentum basis the on-shell kµ is encoded by the spinors kαk˜α˙, and
the space-time external field
Φ(x) = Ta eik·x ,
is represented by a twistor cohomology class
φ(Z; k) = Ta
∫
ds s δ¯2(k − s λ) eis [µ k˜] , (4.2)
where Ta is a generator of SU(N). In (4.2), the holomorphic delta function
δ¯2(λ) :=
∧
α=0,1
dλβ
∂
∂λβ
(
1
λα
)
=
∧
α=0,1
∂¯
(
1
λα
)
, (4.3)
is a (0, 2)-distribution enforcing the vanishing of both components of its argument. One of
the distributional form degrees is integrated against the scale parameter s, so that φ(Z; k)
is a SU(N)-valued (0, 1)-form on PT of weight −2, as required by the Penrose transform.
Thus, a scattering amplitude in FCFT can be represented as a functional of these
twistor cohomology classes. The twistor version of the LSZ truncation procedure would
then be given by a pairing between some integral kernel and these cohomology classes,
with the integral kernel taking values in ⊕ni=1H0,1(PTi,O(−2) ⊗ g)∨, where the duality
is defined by the Hilbert space structure of H0,1(PT,O(−2)). This pairing removes the
twistor dependence, leaving only a function of the relevant quantum numbers, as expected
for a scattering amplitude.
Unfortunately, this pairing is non-local on twistor space and relies on an explicit choice
of space-time signature [78]. A more useful pairing for our purposes is [46, 67]
H0,1(PT,O(−2)⊗g)×H0,2c (PT,O(−2)⊗g)→ C , (φ, ρ) 7→
∫
PT
D3Z∧ tr(φ ∧ ρ) , (4.4)
where the subscript on H0,2c denotes compact support. With this pairing, a n-point scat-
tering amplitude on PT is represented by an integral kernel
An(Z1, . . . Zn) ∈
n⊕
i=1
H0,2c (PTi,O(−2)⊗ g) , (4.5)
where each PTi is charted with homogeneous coordinates Zi. The numerical (physical)
scattering amplitude is uniquely obtained from this cohomological amplitude by the pairing
(4.4) with external wavefunctions. Knowing the cohomological amplitude on twistor space
is equivalent to knowing the physical amplitude in terms of external momenta.
4.2 Feynman rules: vertices and propagator
The only vertex in the twistor action for classical conformal fishnet theory is given by the
quartic interaction:
ξ2
∮
R4
d4X
∫
(P1)4
Dσ1 Dσ2 Dσ3 Dσ4 tr
(
(φ†1)1 (φ
†
2)2 φ
1
3 φ
2
4
)
(4.6)
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Figure 1. The 4-point vertex in twistor space: insertions of φ1 and φ2 are denoted with filled black
and red dots, insertions of φ†1 and φ
†
2 with black and red circles, respectively. The trace structure
on the Riemann sphere (left) can be represented by arranging the insertions on a line (right).
where the contour integral is over the moduli space of lines X ∼= P1 in PT which are
preserved by the Euclidean reality conditions5. A pictorial version of this vertex is shown
in figure 1, with different operator insertions distinguished by their colour.
Now, a holomorphic linear map ZA : P1 → PT can be written
ZA(σ) = XAα σ
α = AA σ0 +BA σ1 , (4.7)
for σα the homogeneous coordinate on P1 and moduli XAα = {AA, BA}. A priori, there
seem to be eight moduli, but the description of the linear map (4.7) is redundant: we
must account for the SL(2,C)-invariance of P1 as well as the C∗ projective rescalings of the
target space.
Thus, the measure appearing in (4.6) can be written explicitly as
d4X =
d4A ∧ d4B
vol GL(2,C)
, (4.8)
with the quotient by the (infinite) volume of GL(2,C) ∼= SL(2,C)× C∗ understood in the
Fadeev-Popov sense. Writing the measure in this way has two benefits: first, it manifests
the nature of the line X ∼= P1 as the skew of two points A,B ∈ PT. Secondly, this expression
for the measure is manifestly conformally invariant, since it is constructed entirely from
SL(4,C)-invariant objects.
To construct cohomological amplitudes using this interaction, we must choose repre-
sentatives for the four legs of this vertex. The suitable choice is given by elementary states,
which localize a field insertion on X ∼= P1 to a point in twistor space:
φ1,2 = Ta δ¯3−2,−2(Z, Z(σ)) = T
a
∫
ds s δ¯4(Z + sZ(σ)) , (4.9)
where
δ¯4(Z) :=
3∧
A=0
∂¯
(
1
ZA
)
. (4.10)
Thus, δ¯3−2,−2(Z,Z(σ)) is a (0, 3)-distribution on PT enforcing the projective coincidence of
its arguments, homogeneous of weight −2 in both Z and Z(σ). We often drop homogeneity
subscripts on these distributional forms when their weights are clear from the context.
5From now on, we will neglect factors of (2pii), as they may be viewed as implicit in the definitions of
the projective integrals and distributions encountered.
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With the elementary states (4.9) and manifestly conformally invariant measure (4.8),
the four-point interaction vertex is ξ2 tr(Ta1 · · ·Ta4)V4, for
V4(Z1, Z2, Z3, Z4) :=
∮
R4
d4A ∧ d4B
vol GL(2,C)
∫
(P1)4
4∏
i=1
Dσi δ¯
3(Zi, Z(σi)) . (4.11)
Integration over each of the four copies of P1 ensures that V4 is a distributional (0, 2)-form
in each of the {Z1, . . . , Z4}. The fact that {Zi} enter only through the projective delta
functions makes it clear that V4 is compactly supported. Finally, ∂¯V4 = 0 since
∂¯ δ¯3(Zi, Z(σi)) = 0 , (4.12)
and the integrand of (4.11) is otherwise holomorphic. This establishes that
V4(Z1, . . . , Z4) ∈
4⊕
i=1
H0,2c (PTi,O(−2)) , (4.13)
as required for the vertex in a cohomological representation.
This statement is exact, in contrast to the situation for the vertices of the N = 4 SYM
twistor action, which fail to be ∂¯-closed due to IR collinear divergences [46, 67]. However,
planar FCFT is free from IR-divergences, so (4.13) is a first reflection of this fact on twistor
space. Finally, note that upon pairing the vertex using (4.4) with momentum eigenstate
representatives (4.2), one obtains∫
PT4
V4
4∏
i=1
D3Zi φ(Zi; ki) = δ
4
(
4∑
i=1
ki
)
, (4.14)
which is the standard momentum space, LSZ-truncated expression for the vertex.
In practical computations, the following facts about the 4-point vertex are extremely
useful.
Lemma 4.1 The cohomological 4-point vertex of FCFT obeys
V4(1, 2, 3, 4) = V3(1|2, 3) δ¯2−1,−1,−2(2, 3, 4)
= V2(2, 3) δ¯2−1,−1,−2(2, 3, 1) δ¯2−1,−1,−2(2, 3, 4) ,
(4.15)
where the pseudo-vertex V3 is
V3(1|2, 3) :=
∮
R4
d4A ∧ d4B
vol GL(2,C)
∫
(P1)3
(2 3) Dσ1 Dσ2 Dσ3 δ¯
3
−2,−2(Z1, Z(σ1))
δ¯3−1,−3(Z2, Z(σ2)) δ¯
3
−1,−3(Z3, Z(σ3)) , (4.16)
taking values in
V3(1|2, 3) ∈ H0,2c (PT1,O(−2))
⊕
i=2,3
H0,2c (PTi,O(−1)) , (4.17)
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as a cohomological object. The pseudo-vertex V2 is
V2(2, 3) :=
∮
R4×(P1)2
D3A ∧D3B δ¯30,−4(Z2, A) δ¯30,−4(Z3, B) , (4.18)
where the contour integrates A,B over the line X ∼= P1 and then integrating the line over
the real contour R4 ⊂M, and V2 takes values in
V2(2, 3) ∈ H0,2c (PT2,O)⊕H0,2c (PT3,O) , (4.19)
as a cohomological object.
Proof: These relations follow from manipulation of the projective integrals over P1 in V4.
Let us work with affine coordinates on P1 (e.g., by choosing the coordinate patch where
σ0i 6= 0); we abuse notation, denoting these affine coordinates by σi for i = 1, . . . , 4. Writing
out all scale integrals, the 4-point vertex is:∮
R4
d4A ∧ d4B
vol GL(2,C)
∫
(C∗)4
4∏
i=1
dσi dsi si δ¯
4(Zi + si Z(σi)) . (4.20)
Change variables from σ4 to u via:
σ4 =
s2 σ2 + u s3 σ3
s2 + u s3
, (4.21)
and observe that (in the affine coordinates)
Z(σi) = A+ σiB , (4.22)
whence (4.20) becomes∮
R4
d4A ∧ d4B
vol GL(2,C)
∫
(C∗)4
du (σ3 − σ2)
(s2 + us3)2
ds4 s4 δ¯
4
(
Z4 − s4
s2 + us3
(Z2 + uZ3)
)
dσ1 ds1 s1δ¯
4(Z1 + s1Z(σ1))
∏
i=2,3
dσi dsi s
2
i δ¯
4(Zi + siZ(σi)) , (4.23)
making use of the various delta functions in play. Re-scaling s4 → (s2+us3) s4 and Z4 → s4
and restoring homogeneous coordinates on P1 leaves
V3(1|2, 3)
∫
(C∗)2
duds4 s4 δ¯
4(Z2 + uZ3 + tZ4) = V3(1|2, 3) δ¯2−1,−1,−2(2, 3, 4) , (4.24)
as claimed.
To obtain the second line of (4.15), apply the same change of variables (4.21) now to
σ1 in V3(1|2, 3). This results in
V3(1|2, 3) =
∮
R4
d4A ∧ d4B
vol GL(2,C)
∫
(P1)2
(2 3)2 Dσ2 Dσ3 δ¯
3
0,−4(Z2, Z(σ2)) δ¯
3
0,−4(Z3, Z(σ3))
× δ¯2−1,−1,−2(2, 3, 1) . (4.25)
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The GL(2,C) redundancy in the measure can now be fixed by making the integrals over A
and B projective (i.e., contracting with the Euler vector in A and B) and setting σα2 = (1, 0)
and σα3 = (0, 1), while removing the appropriate Jacobian factor. The result is the claimed
expression (4.18). 2
The kinetic operator for both φ1 and φ2 is the ∂¯-operator on PT; a useful form of its
inverse has long been known in the context of the twistor action for N = 4 SYM by using
an axial gauge [46]. This axial gauge eliminates all vertices from the action except those
arising from the non-local logdet(∂¯ +A)|X term, which becomes a generating function for
all MHV vertices of N = 4 SYM. Although there is only one ‘MHV amplitude’ in FCFT
(the 4-point amplitude), we are still free to choose an axial gauge thanks to the twistor
gauge invariance (3.21).
In particular, the axial gauge is defined by a choice of fixed reference twistor Z∗ ∈ PT
such that the propagator ∆(Z1, Z2) obeys
∂¯∆(Z1, Z2) = δ¯
3
−2,−2(Z1, Z2) , Z∗ ·
∂
∂Z1
y∆ = 0 = Z∗ · ∂
∂Z2
y∆ , (4.26)
with ∆(Z1, Z2) understood to be a distribution with (0, 1)-form degree in each of Z1 and
Z2. This axial gauge can be imposed at the level of the twistor action through the usual
gauge-fixing procedure, but (as usual for axial gauges) the ghost sector decouples from the
path integral [44].
Building on the results for N = 4 SYM, the propagator for each of the fields in FCFT
on twistor space is:
∆(Z1, Z2) = δ¯
2
−2,0,−2(Z1, ∗, Z2) =
∫
ds
s
dt t δ¯4(Z1 + sZ∗ + t Z2) . (4.27)
This is a (0, 2)-distribution on PT1 × PT2 enforcing the projective collinearity of its three
arguments. It is straightforward to show that (4.27) obeys the conditions of (4.26); indeed,
the calculation is just a simpler version of that for N = 4 SYM. Firstly, one observes that
∂¯∆(Z1, Z2) =
∫
ds ∂¯
(
1
s
)
dt t δ¯4(Z1 +sZ∗+t Z2) =
∫
dt t δ¯4(Z1 +t Z2) = δ¯
3
−2,−2(Z1, Z2) ,
(4.28)
so ∆ is a Green’s function for the ∂¯-operator on twistor space. To establish that ∆ is in
the axial gauge defined by Z∗, one observes that
∆(Z1, Z2) =
∫
ds
s
dt (11ˆ ∗ 2ˆ) (1ˆ ∗ 22ˆ)2 ∂¯1
(
1
(1 ∗ 22ˆ)
)
∂¯2
(
1
(2 ∗ 11ˆ)
)
× δ¯ ((11ˆ22ˆ) + s(∗1ˆ22ˆ)) δ¯ ((11ˆ22ˆ) + t(21ˆ ∗ 2ˆ))
= −(11ˆ ∗ 2ˆ) (1ˆ ∗ 22ˆ)
(11ˆ22ˆ)
∂¯1
(
1
(1 ∗ 22ˆ)
)
∂¯2
(
1
(2 ∗ 11ˆ)
)
, (4.29)
where we employ the notation
(1234) := ABCD Z
A
1 Z
B
2 Z
C
3 Z
D
4 , (4.30)
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Figure 2. A class of diagram leading to a double-trace UV divergence in space-time (left) and
twistor space (right).
and Zˆ1, Zˆ2 are the conjugates of Z1, Z2 with respect to the Euclidean reality condition.
From the last line in (4.29), it follows that
Z∗ · ∂
∂Z1
y∆ = 0 = Z∗ · ∂
∂Z2
y∆ ,
due to the skew-symmetry of the 4-dimensional Levi-Civita symbol.
Finally, the colour structure of the propagator is the same as on space-time. Therefore,
the full twistor space propagator for FCFT in axial gauge is:
∆(Z1, Z2) = δ¯
2
−2,0,−2(Z1, ∗, Z2)
(
δj¯1i2 δ
j¯2
i1
− 1
N
δj¯1i1 δ
j¯2
i2
)
, (4.31)
where i1, i2 are fundamental indices of SU(N) and j¯1, j¯2 are anti-fundamental indices as-
sociated with each end of the propagator.
4.3 Divergences, counterterms and conformality
It is well-known that the single-trace Lagrangian of FCFT is not quantum-complete due to
UV divergences – even in the planar limit [10, 11]. These divergences come with a double-
trace structure, and their removal necessitates adding double-trace counterterms to the
space-time action. Of course, we could translate these counterterms to the twistor action,
but it is more enlightening to derive them directly in twistor space. With the single-trace
vertex (4.11) and propagator (4.31) in twistor space, we have all the required tools.
Consider the 4-point 1-loop diagram given by figure 2, in both space-time and twistor
space. Using the twistorial Feynman rules, this diagram gives
tr(Ta1Ta2) tr(Ta3Ta4)
∫
PT4
4∏
i=1
D3Z(i) δ¯2(Z(1), ∗, Z(2)) δ¯2(Z(3), ∗, Z(4))
× V4(1, 2, Z(3), Z(1))V4(Z(4), Z(2), 4, 3) , (4.32)
in the planar limit, where the Z(i) are the propagator endpoints which are integrated over.
Using (4.15), the integrals in (4.32) can be reduced to∫
PT2
D3Z D3Z ′ δ¯1(2, Z ′, ∗, Z) δ¯1(3, 4, ∗, Z ′)V3(1|2, Z ′)V3(Z|4, 3) , (4.33)
where the weights on the distributional forms can be deduced from the requirement of
projective homogeneity. The object δ¯1 is a (0, 1)-distribution with support where its four
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arguments are projectively coplanar; for instance
δ¯1−1,−1,0,−2(2, Z
′, ∗, Z) :=
∫
ds
dt
t
dr r δ¯4(Z2 + sZ
′ + tZ∗ + rZ) . (4.34)
Applying (4.15) yet again, another of the twistor integrals can be performed to leave:∫
PT
D3Z V2(4, 3)V2(1, 2) δ¯
1(4, 3, ∗, Z) δ¯2(2, Z, 1)
(Z234)
, (4.35)
with the weights of the distributional forms implicit.
It follows that
δ¯2−1,−1,−2(2, Z, 1)
(Z234)
=
δ¯2−1,−2,−1(2, Z, 1)
(1234)
, (4.36)
on the support of the distributional form in the numerator. This allows the final twistor
integral in (4.35) to be performed, so this 1-loop diagram gives:
tr(Ta1Ta2) tr(Ta3Ta4) I(1)(1, 2|4, 3) , (4.37)
where the primitive I(1) is defined by
I(1)(1, 2|4, 3) := V2(1, 2)V2(4, 3)
(1234)2
. (4.38)
Note that all dependence on the twistor Z∗ defining the axial gauge has dropped out.
There are key differences between I(1) and the structure arising from analogous dia-
grams in planar N = 4 SYM. For N = 4 SYM this diagram gives an ambiguous answer
in twistor space of the form ‘0/0’ due to IR divergences [46, 79, 80], but (4.37) is finite.
This is unsurprising, since FCFT should be free from IR ambiguities and the mechanisms
which produced them in N = 4 SYM (degenerate configurations in the fermionic direc-
tions of PT) are absent here. However, the repeated conformal invariant (1234)2 in the
denominator is a new structure, which does not arise in the context of N = 4 SYM.
To understand the space-time interpretation of this repeated denominator, I(1) can
be translated to momentum space using the pairing between the cohomological expression
(4.38) and twistor momentum eigenstates. This yields:
∫
I(1)(1, 2|4, 3)
4∏
i=1
D3Zi dsi si δ¯
2(〈i| − si λi) eisi [µi i] =
∫
d4x d4y
(x− y)4 e
i(k1+k2)·x ei(k3+k4)·y
= δ4
(
4∑
i=1
ki
)(
1
ε
+ · · ·
)
, (4.39)
in dimensional regularization with d = 4 − 2ε. Thus, we learn that the repeated SL(4,C)
invariant in the denominator of (4.38) encodes a primitive UV-divergence in FCFT. The
same structure arises from the 1-loop diagram in figure 3, which yields
tr(Ta1Ta2) tr(Ta3Ta4) I(1)(1, 4|2, 3) . (4.40)
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Figure 3. Another class of double-trace UV divergence in space-time (left) and twistor space
(right).
Both classes of UV-divergence (4.37), (4.40) are precisely what is expected from space-time
considerations.
The presence of these double trace divergences leads to the addition of counterterms in
the twistor action. These are given by writing twistor vertices which generate the double
trace interactions appearing in the divergences:
α21
∮
R4
d4X
∫
(P1)4
4∏
i=1
Dσi
[
tr
(
φ11 φ
1
2
)
tr
(
(φ†1)3 (φ
†
1)4
)
+ tr
(
φ21 φ
2
2
)
tr
(
(φ†2)3 (φ
†
2)4
)]
− α22
∮
R4
d4X
∫
(P1)4
4∏
i=1
Dσi
[
tr
(
φ11 φ
2
2
)
tr
(
(φ†1)3 (φ
†
2)4
)
+ tr
(
φ11 (φ
†
2)2
)
tr
(
φ23 (φ
†
1)4
)]
,
(4.41)
where α1, α2 are the induced couplings. These counterterms are invariant under the twistor
gauge transformations (3.21), and equal to the double-trace counterterms of FCFT in
Woodhouse harmonic gauge.
There is now considerable perturbative evidence that the β-functions for the couplings
α1, α2 have two fixed points, for which FCFT is a true (non-unitary) CFT. For α2, the
β-function can be computed exactly [11, 12], and vanishes for α22 = ξ
2. The β-function for
α1 has been computed up to seven loops [12], where it vanishes at the values
α21 = α
2
± := ±i
ξ2
2
− ξ
4
2
∓ i 3 ξ
6
4
+ ξ8 ± i 65 ξ
10
48
− 19 ξ
12
10
+O(ξ14) . (4.42)
The complexity of α2± is a consequence of the lack of unitarity; note that the two fixed
points are related by ξ2 ↔ −ξ2. Without loss of generality, we assume that the induced
couplings lie at the CFT fixed point
α21 = α
2
+ , α
2
2 = ξ
2 , (4.43)
for all further calculations. Note that this conformal fixed point was obtained in the MS-bar
renormalization scheme; choosing a different scheme corresponds to a finite renormalization
of the coupling constant under which the conformal fixed point (4.43) in MS-bar is mapped
to a fixed point in the new scheme.
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Figure 4. Tree-level and 1-loop contributions to A4(1, 1) on space-time. Black vertices stand for
single trace ξ2 interactions, white vertices for double trace α22 interactions and grey vertices for a
combination of the two.
5 Scattering amplitudes in twistor space
We are now in a position to compute general classes of cohomological scattering amplitudes
for conformal fishnet theory in twistor space. The twistor formulation ensures that these
cohomological answers are formulated entirely in terms of conformal invariants. The global
U(1)×U(1) symmetry of FCFT means that non-vanishing amplitudes must have the same
number of external φ1 and φ†1 fields, and similarly for φ
2, φ†2. Consequently, scattering
amplitudes can be labeled as An(m, p): this is a n-point amplitude with m external φ
1
fields and p external φ2 fields, where 2m+ 2p = n.
The amplitudes of FCFT can be expanded in colour traces, much like amplitudes in
gauge theory. However, unlike gauge theory (where there are L + 1 trace structures at L
loops in perturbation theory, with only single traces in the planar limit) the amplitudes of
FCFT can have multi-trace contributions at all orders in perturbation theory, even in the
large-N limit. This is due to the double trace counterterms needed to ensure conformality.
Thus, a scattering amplitude of FCFT in the planar limit admits a double expansion
in loops as well as traces:
An(m, p) = δ
4
(
n∑
i=1
ki
) ∞∑
L=0
n
2∑
τ=1
tr(· · · )τ ALn|τ (m, p) , (5.1)
where tr(· · · )τ is shorthand for τ traces over generators of SU(N). The coefficient functions
ALn|τ (m, p) are ‘partial amplitudes’ depending only on the kinematics on space-time, or on
the twistors associated with the external fields on twistor space. In this section, we compute
the cohomological (full and partial) amplitudes for various configurations in FCFT in the
planar limit at the conformal fixed point (4.43).
5.1 Exact half-track amplitudes
Consider amplitudes An(1,
n
2 − 1) or An(n2 − 1, 1); note that n must be even due to the
global U(1)×U(1) symmetry. Since the theory is invariant under φ1 → (φ1)T, φ2 → (φ2)T,
it suffices to consider the former class. In [19] it was shown that A4(1, 1) is tree-level exact;
let us review the argument here.
Figure 4 displays the tree-level contributions to A4(1, 1) from the single trace vertex
and the double trace vertices proportional to α22, as well as the 1-loop diagram which
receives contributions from both of these single and double trace vertices. Therefore,
A04(1, 1) = A
0
4|1(1, 1) +A
0
4|2(1, 1), with
A04|1(1, 1) = ξ
2 tr(Ta1 · · ·Ta4) , (5.2)
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Figure 5. The structure of a half-track amplitude in space-time (top) and twistor space (bottom).
A04|2(1, 1) = −α22 [tr(Ta1Ta2) tr(Ta3Ta4) + tr(Ta1Ta4) tr(Ta2Ta3)] .
Due to the chiral nature of the single trace vertex, both the ξ2 and α22 interactions contribute
to the same trace structure at 1-loop in the large-N limit:
A14(1, 1) = (ξ
2 − α22)2 [tr(Ta1Ta2) tr(Ta3Ta4) + tr(Ta1Ta4) tr(Ta2Ta3)] I , (5.3)
where I is a 1-loop integral. Evaluated at the conformal fixed point α22 = ξ
2, the 1-loop
amplitude vanishes, as do all higher-loop corrections by the same mechanism [19].
This argument generalizes to all amplitudes of the form An(1,
n
2 − 1). At tree-level,
these are represented by half-track diagrams – shown in space-time and twistor space
in figure 5 – where vertices are given by single trace ξ2 interactions or double trace α22
interactions. Quantum corrections entail the insertion of the loops appearing in figure 4,
which are always proportional to (ξ2−α22)2 and vanish at the conformal fixed point. Thus,
all half-track amplitudes are tree-level exact.
The trace structure of the tree-level contribution is dictated by the location and number
of double trace vertices appearing in the half-track diagram. Indeed, if k of the n2 − 1 total
vertices are double trace (proportional to α22) then the corresponding contribution will
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have k + 1 traces. It is easy to work out the particular trace structure for a given vertex
placement, but in any case all of the trace structures share the same kinematic structure.
In particular, at the conformal fixed point the half-track amplitude is always
An
(
1,
n
2
− 1
)
= ξn−2 (traces) K0n
(
1,
n
2
− 1
)
, (5.4)
where K0n(1,
n
2 − 1) is the kinematic function associated with the diagram 5.
In momentum space this kinematic function is simply a product of scalar propagators.
But in twistor space, it is given by the cohomological amplitude that follows from evaluating
the twistor half-track diagram in the bottom of figure 5. Using the twistor propagator in
axial gauge, we find:
K0n
(
1,
n
2
− 1
)
=
V3(n|1, 2)V3(n2 |n2 + 1, n2 + 2)
(1 2 3n− 1) (n2 − 1 n2 + 3 n2 + 1 n2 + 2)
×
n
2
−2∏
i=3
V2(i, n− i+ 2)V2(i+ 1, n− i+ 1)
(i n− i+ 2 i+ 1n− i+ 1) . (5.5)
As expected, this result is built entirely from SL(4,C) invariants and manifestly indepen-
dent of the twistor Z∗ that defines the axial gauge condition. Equivalent representations
can be constructed by making alternative decompositions of the 4-point vertices using
(4.15).
5.2 Four-point single colour amplitude
In contrast to half-track amplitudes, the ‘single colour’ four-point amplitude A4(2, 0) has
non-vanishing quantum corrections at each loop order [19]. Many properties of A4(2, 0)
were studied in [19] at both weak and strong coupling, but it is particularly illustrative to
study the cancellation of UV-divergences between diagrams at each loop order in twistor
space.
In the planar limit, A4(2, 0) is a double trace structure tr(T
a1Ta2) tr(Ta3Ta4) to all
loop orders; the tree-level contribution is given by the first term in the α21 interaction of
(4.41). On twistor space, this is simply
A04|2(2, 0) = 2i ξ
2 V4(1, 2, 3, 4) , (5.6)
where the overall factor is 4α21 evaluated at the conformal fixed point. At 1-loop, there at
two classes of diagram that contribute, as shown in figure 6. The first of these we have
already evaluated in (4.40), and the second is easily computed using the same techniques,
with the result:
A14|2(2, 0) = ξ
4 I(1, 4|2, 3) + ξ4 I(2, 4|1, 3) + 8α4+ I(1, 2|3, 4) , (5.7)
with I defined by (4.38).
Clearly, each term in (5.7) is UV-divergent: I encodes a simple pole (in dimensional
regularization) which is independent of its arguments, due to the presence of squared
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Figure 6. The two types of 1-loop diagram contributing to A4(2, 0) on space-time (upper) and
twistor space (lower).
conformal invariants in the denominator. However, when the value of the conformal fixed
point α2+ = iξ
2/2 is inserted,
A14|2(2, 0) = ξ
4 [I(1, 4|2, 3) + I(2, 4|1, 3)− 2 I(1, 2|3, 4)] . (5.8)
Since the singular parts of each term in the brackets are independent of the arguments
of I, all of the divergences cancel, leaving a finite remainder. The precise form of this
finite remainder (after pairing with external wavefunctions and integrating) depends on
the renormalization scheme, which we assume to be MS-bar.
To see what happens at two loops, we must confront a new situation. There are two
classes of diagrams which contribute to A24|2(2, 0), as illustrated in space-time and twistor
space in figure 7. In both cases, we see that the twistor diagrams involve a vertex/line with
less than two external insertions; this scenario never occurs in the protected half-track
amplitudes. Let us consider the first class of diagram; using the usual twistor machinery
leads us to an expression of the form:
V2(1, 2)V(3, 4)
∮
D3A ∧D3B
(12AB) (AB34)
δ¯1(1, 2, ∗, A) δ¯1(B, ∗, 3, 4) . (5.9)
At first, one might be tempted to conclude that there are no UV-divergences encoded in this
diagram, since the two conformal invariants in the denominator are different. However, the
distributional forms in the numerator can still be reduced to non-projective distributions
as, so this conclusion is premature.
Indeed, it is an easy exercise to confirm that
δ¯1−1,−1,0,−2(1, 2, ∗, A) = −
(12 ∗B)
(12AB)
δ¯(12 ∗A) , (5.10)
where δ¯(z) = ∂¯z−1 is the standard (0, 1)-distribution of weight −1. This identity – applied
to both distributional forms inside of the integral – enables (5.9) to be rewritten as
V2(1, 2)V(3, 4)
∮
D3A ∧D3B
(12AB)2 (AB34)2
δ¯(12 ∗A) δ¯(B ∗ 34) (12 ∗B) (34 ∗A) . (5.11)
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Figure 7. The two types of 2-loop diagram contributing to A4(2, 0) on space-time (upper) and
twistor space (lower).
There are now two repeated conformal invariants in the denominator, leading us to ex-
pect that this cohomological expression encodes a quadratic UV-divergence on space-time.
Indeed, when (5.11) is paired with momentum eigenstate wavefunctions, it returns the
space-time integral∫
d4x d4y d4z
(x− z)4 (z − y)4 e
i(k1+k2)·x ei(k3+k4)·y = δ4
(
4∑
i=1
ki
)(
1
ε2
+ · · ·
)
, (5.12)
in dimensional regularization.
Similarly, the second class of diagram in figure 7 can be evaluated to
V2(3, 4)
∮
D3A ∧D3BD3C ∧D3D
(1B34)2 (2D34)2
δ¯3(1, A) δ¯3(2, C) δ¯(1B ∗D) δ¯(2B ∗D) (1 ∗ 34)(2 ∗ 34) ,
(5.13)
which features the same denominator structure leading to a quadratic UV-divergence.
Adding together all of the diagrams with the appropriate symmetry factors yields
16α6+ (diag. 1) + 2 ξ
4 α2+ (diag. 2) + 2 ξ
4 α2+ (diag. 2)(1,2)↔(3,4) . (5.14)
At the conformal fixed point value for α2+, this has precisely the structure required to cancel
the quadratic UV-divergences between all three terms.
At general loop order, similar mechanisms will always be at play. Any L-loop diagram
in twistor space contributing to A4(2, 0) will contain L repeated conformal invariants in
its denominator, and all such diagrams will be combined in a fashion which cancels these
divergences at the conformal fixed point of the theory. The value of the finite remainder
depends on the renormalization scheme used to perform the integrals after pairing with
external wavefunctions.
We also observe a generic feature of FCFT Feynman diagrams in twistor space: any
diagram with fewer than two external insertions on one of its vertices will not be explic-
itly independent of Z∗. Nevertheless, such contributions to scattering amplitudes remain
independent of the choice of axial gauge. This follows because such diagrams are always
holomorphic and homogeneous of degree zero with respect to Z∗.
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Figure 8. Tree-level snowflake amplitude in space-time (left) and twistor space (right).
5.3 Snowflake amplitudes
Certain higher-point amplitudes in FCFT are controlled by structures inherited from the
four-point single colour and half-track amplitudes. A particularly illustrative example is
given by the amplitude A12(2, 4), which we refer to as the ‘snowflake’ due to the appearance
of its space-time Feynman diagrams in the planar limit. At tree-level, this involves a single
insertion of the double trace α21 interaction, linked to four insertions of single trace ξ
2 or
double trace α22 interactions, as depicted in figure 8.
The trace structure of the amplitude depends on where any α22 vertices appear in the
snowflake diagram. If the only double trace vertex is the one appearing in the middle
of diagram, then the overall structure is double trace, with the grouping of generators
determined by the U(1)×U(1) quantum numbers. In the space-time diagram of 8, suppose
we number the external particles in a clockwise fashion from the bottom-most vertex (with
the lower black leg given label 2). If legs 2 and 11 correspond to φ†1 fields, then the double
trace structure is:
tr(Ta1Ta2Ta3Ta10Ta11Ta12) tr(Ta4Ta5Ta6Ta7Ta8Ta9) . (5.15)
When one of the peripheral vertices is an α22 interaction, a triple trace structure results,
decomposed around the insertion. For instance, if a double trace interaction is inserted at
the bottom-most vertex in figure 8, then the triple trace structure is[
tr(Ta1Ta10Ta11Ta12) tr(Ta2Ta3) + tr(Ta3Ta10Ta11Ta12) tr(Ta2Ta1)
]
tr(Ta4 · · ·Ta9) . (5.16)
Overall, the tree-level amplitude has a trace decomposition:
A012(2, 4) =
6∑
τ=2
tr(· · · )τ A012|τ (2, 4) , (5.17)
with the maximal six-trace contribution arising when all five vertices of the snowflake
diagram are double trace.
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Figure 9. One-loop diagrams contributing to the double trace snowflake amplitude.
In twistor space, the cohomological amplitude associated with the snowflake is:
∫ 8∏
i=1
D3Z(i)V4(1, 2, 3, Z
(1)) · · ·V4(10, 11, 12, Z(4))V4(Z(5), Z(6), Z(7), Z(8))
× δ¯2(Z(1), ∗, Z(5)) · · · δ¯2(Z(4), ∗, Z(8)) . (5.18)
Applying (4.15) and performing the maximum number of integrations leaves:
A012|τ (2, 4) = ±i
ξ10
2
V3(2|3, 1) · · · V3(11|12, 10)∮
D3A ∧D3B
(12 10AB) (9 7AB)
δ¯1(3, 1, ∗, A) ∧ δ¯1(6, 4, ∗, B) , (5.19)
at the conformal fixed point, with the overall sign determined by whether there are an even
(+) or odd (−) number of α22 insertions. The distributional forms in the integrand can be
further reduced using identity (5.10), giving an equivalent expression
A012|τ (2, 4) = ±i
ξ10
2
V3(2|3, 1) · · · V3(11|12, 10)∮
D3A ∧D3B
(12 10AB) (9 7AB)
(3 1 ∗ B) (6 4 ∗ A)
(3 1AB) (6 4AB)
δ¯(31 ∗A) δ¯(64 ∗B) . (5.20)
Since there are no UV-divergences (i.e., no repeated denominators), there is no particular
advantage to using the representation (5.20) as opposed to (5.19) besides the cosmetic
symmetry of the denominator.
We briefly discuss the structure of quantum corrections to the snowflake amplitude. By
the arguments of [19], it follows that there are no 1-loop corrections to the outer four-point
interactions (in the planar limit and at the conformal fixed point). For simplicity, assume
that all four of these outer interactions are single trace. On space-time, the central 4-point
interaction can be corrected by the 1-loop diagrams shown in figure 9; both contribute with
the same overall double trace structure (5.15).
The 1-loop kinematic contribution from all relevant diagrams of this form is given by
ξ4 F (k123789) + ξ
4 F (k10 11 12 789)− 2ξ4 F (k123 10 11 12) , (5.21)
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where the coefficient of the final term is equivalent to 8α2+ evaluated at the fixed point
(4.43), ki···j := ki + · · ·+ kj , and F is the 1-loop scalar integral
F (ki···j) :=
∫
d4−2ε`
(2pi)4−2ε
1
`2 (ki···j − `)2 . (5.22)
Term-by-term, (5.21) is UV-divergent, but it is straightforward to see that the combination
of all three terms is finite. This is the same mechanism that removes all divergences from
the four-point single colour amplitudes (cf., [19]) at the conformal fixed point.
On twistor space, the diagram corresponding to the first term in (5.21) evaluates to:
ξ12 V3(2|3, 1) · · · V3(11|12, 10)F [3, 1|9, 7][6, 4|12, 10] , (5.23)
where the integral F is defined by:
F [a, b|c, d][i, j|k, l] :=
∮
D3A ∧D3B D3C ∧D3D
(ABCD)2
δ¯1(a, b, ∗, A) δ¯1(c, d, ∗, B)
δ¯1(i, j, ∗, C) δ¯1(k, l, ∗, D) . (5.24)
The squared conformal invariant in the denominator is indicative of a linear UV-divergence,
and pairing with external twistor wavefunctions confirms that there is a simple pole (in
dimensional regularization) which is independent of the arguments of F . Upon evaluating
all 1-loop diagrams in twistor space contributing to the snowflake amplitude, one finds
A112|2(2, 4) = ξ
12 V3(2|3, 1) · · · V3(11|12, 10)
(
F [3, 1|9, 7][6, 4|12, 10]
+ F [3, 1|6, 4][9, 7|12, 10]− 2F [3, 1|12, 10][6, 4|9, 7]
)
, (5.25)
at the conformal fixed point. Sure enough, since the divergent part of each term is inde-
pendent of its arguments, all UV-divergences cancel from the 1-loop result.
5.4 Fishnet diagrams
As a final example, consider planar fishnet diagrams where all vertices are given by the
single trace interaction. These diagrams contribute to the single trace component of the
amplitude in the planar limit, and combine many of the features of twistor amplitudes
observed in the preceding examples. Every twistor space vertex involved in a fishnet
diagram has no more than two external field insertions, so vertices of a general fishnet
diagram fall into one of three sets: corner (two external field insertions), edge (one external
insertion) and interior (no external insertions) vertices.
The 1-loop case illustrated in figure 10 is straightforward to evaluate:
A18|1(2, 2) =
V2(8, 1)V2(2, 3)V2(4, 5)V2(6, 7)
(8123) (2345) (4567) (6781)
, (5.26)
which is manifestly conformally invariant and free from UV- and IR-divergences. Pair-
ing with external wavefunctions gives the standard conformal box integral, which can be
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Figure 10. The 1-loop fishnet diagram on space-time (left) and twistor space (right).
evaluated in terms of dilogarithms [81]. So if V4(i, j, •, •) and V4(k, •, •, l) are two corner
vertices of a fishnet diagram connected by a propagator, their contraction will produce a
factor of V2(i, j)V2(k, l)
(ijkl)
, (5.27)
in the evaluation of the diagram.
Next, consider a propagator contraction between a corner vertex V4(i, j, •, •) and an
edge vertex V4(k, •, •, •). This contraction can be evaluated to
V2(i, j)
∮
D3A ∧D3B
(ijkB)
δ¯3(k,A) δ¯3(•, B) δ¯2(k, •, •) , (5.28)
where the remaining • entries are contracted with propagators to some other part of the
diagram. All remaining contractions (between edge and interior vertices) are then dictated
by the remaining distributional forms.
For a generic fishnet diagram Γ contributing to An(m, k), each vertex can be labeled
by a pair (i, j) for i ∈ {1, . . . ,m} and j ∈ {1, . . . , k}. Label the sets of corner, edge and
interior vertices by C, E and I, respectively. The cohomological amplitude associated with
Γ takes the form∮ ∏
(i,j)
D3Aij ∧D3Bij B(C ∪ E)
∏
(i,j)∈E∪I
δ¯2(Aij , ∗, B(i+1)j) δ¯2(Ai(j+1), ∗, Bij) , (5.29)
where B(C∪E) is a contribution depending on the boundary topology of the fishnet diagram
that encodes all dependence on external field insertions. This B can be determined directly
from the rules described above.
To be completely precise, let’s consider an example. Suppose that Γ is a m × k
rectangular fishnet diagram (for m, k > 2), with (m− 1)(k − 1) loops. Label the external
points on the columns (i, 1) and (i, k) by twistors αi and γi, respectively. Label the external
points on rows (1, j) and (m, j) with twistors βj and δj , respectively. This labeling scheme
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Figure 11. The m× k rectangular fishnet diagram with external leg twistor labels.
is shown in figure 11. Then the boundary contribution to (5.29) is given by
Brectm×k =
δ¯3(α1, A11) δ¯
3(β1, B11)
(α1β1A12β2) (α1β1α2B21)
δ¯3(αm, Am1) δ¯
3(δ1, Bm1)
(αmδ1Am2δ2) (αmδ1αm−1B(m−1)1)
δ¯3(γm, Amk) δ¯
3(δk, Bmk)
(Am(k−1)δk−1γmδk) (γm−1B(m−1)kγmδk)
δ¯3(γ1, A1k) δ¯
3(βk, B1k)
(A1(k−1)βk−1γ1βk) (γ1βkγ2B2k)
m−2∏
i=2
δ¯3(αi, Ai1) δ¯
3(γi, Aik)
(αiBi1αi+1B(i+1)1) (γiBikγi+1B(i+1)k)
k−2∏
j=2
δ¯3(βj , B1j) δ¯
3(δj , Bmj)
(A1jβjA1(j+1)βj+1) (AmjδjAm(j+1)δj+1)
.
(5.30)
Here, all projective delta functions have weight δ¯30,−4(·, ·), ensuring that Brectm×k has the
appropriate projective and form weights to give a well-defined cohomological amplitude
upon being inserted into (5.29).
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